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MODULI SPACES OF VECTOR BUNDLES ON A SINGULAR 
RATIONAL RULED SURFACE 

USHA N. BHOSLE AND INDRANIL BISWAS 


Abstract. We study moduli spaces Mx{r, ci, C2) parametrizing slope semistable vector 
bundles of rank r and fixed Chern classes ci, C 2 on a ruled surface whose base is a rational 
nodal curve. We show that under certain conditions, these moduli spaces are irreducible, 
smooth and rational (when non-empty). We also prove that they are non-empty in some 
cases. 

We show that for a rational ruled surface defined over real numbers, the moduli space 
Mx{r, Cl, C 2 ) is rational as a variety defined over R. 


1. Introduction 

Vector bundles on smooth complex ruled surfaces have been studied by many authors 
from different points of view, the case of rank two being studied most extensively. Let X 
be a complex projective surface equipped with a polarization if, and let Mx,jy(r, ci, C2) 
denote the moduli space of ii-semistable (slope semistable) vector bundles on X of rank r 
with hxed Chern classes Ci G Pic(X) and C2 G Z. When A is a smooth ruled surface or 
a blow up of it, Walter, |Wa] . found a precise sufficient condition on H for Mx,H{r, ci, C2) 
to be irreducible whenever it is non-empty. He also proved that this moduli space is nor¬ 
mal and its subvariety Mx 01,02) that parametrizes stable vector bundles is smooth. 
Furthermore, he gave examples of X and H (not satisfying his condition) for which the 
moduli spaces ci, C2) are reducible for some small ci, C2. 

Another interesting property investigated by many is the rationality of the scheme 
Mx,h{t, 01,02)- The question is the following: If X is rational, is Mx,h{t, 01,02) also 
rational? Although several cases are known where the answer is positive, the answer 
is not known in general. Costa and Miro-Roig explicitly constructed generic ii-stable 
vector bundles on a smooth Hirzebruch surface X for many values of r , ci, C2, |CM] . and 
showed non-emptiness for these moduli spaces. They also proved that the moduli space 
is a rational variety in these cases jCM( Theorem A]. 

In this paper, we generalize these results to singular rational ruled surfaces. Let X 
be a complex rational ruled surface whose base is an integral rational projective curve 
Y of arithmetic genus g with g nodes (ordinary double points) as its only singularities. 
We study the geometric properties of X. In particular, we prove that X is a Gorenstein 
variety, compute its invariants and determine the dualizing sheaf explicitly. Following 
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M, we establish a sufficient condition on H for the moduli space ci, C2) to 

be irreducible. Furthermore, we prove the existence of polarizations H satisfying this 
condition (see Theorem 13.7p . 

We also investigate the rationality question for Ci, C2). Let tt: Y —y Y be the 

normalization map for the base curve. If X := P(£^), then Z := P(7r*£^) is a smooth 
Hirzebruch surface. Let Hz denote the polarization on Z which is the pullback of the 
polarization H on X. We show that whenever 01,02) is rational, the variety 

^(r. Cl, C2) is also rational (see Theorem I4.3p . In view of the results of |CM] . this 
yields rationality of Mx ^{r, ci, C2) in several cases. 

Finally we study singular real rational ruled surfaces X® whose base 1® a rational curve 
dehned over M. Let n' : C — y be the normalization map. Let be a real vector 
bundle of rank 2 over 1r such that Xr = P(£^r). Let Zr := P(7r'*£^R) be the real ruled 
surface with base C . For a real ruled surface Zr with base an anisotropic conic C , the 
rationality question of 01,02) was studied in |BS] . 

We prove that (0,01,02) is a real rational variety if j:^^(r, Ci, C2) is a real 

rational variety (see Theorem 15.2p . Coupled with the results of |BS] . this gives necessary 
and sufficient conditions for Mx^^ ci, C2) to be a real rational variety (Theorem 15.dh . 

2. Singular ruled surfaces 

In this section, we dehne a singular rational ruled surface that we are interested in and 
study its properties. 

2.1. Notation. Let Y be an integral rational projective curve of arithmetic genus g over 
C with only nodes (ordinary double points) as singularities. Therefore, Y has exactly g 
singular points. Let 2/1, • • • , i/g be the singular points of Y. Let 

TT : F —^ y 

be the normalization map. Then y = Pj. because Y is rational. For 1 < j < g, let 
{xj ,Zj} C y be the pair of points over yj G Y . 

Take an algebraic vector bundle £ over Y of rank two and degree —e. Let 

X := P(^) : X ^ y 

be the corresponding P^-bundle over Y . Then 

Z := P(£) Xy y = P(F^) 
is a smooth Hirzebruch surface. Let 

p,-.Z-^Y 

be the projection to the second factor of the hber product. The relatively ample tauto¬ 
logical line bundles on X and Z will be denoted by Op^{l) and Op^il) respectively. 

We hx an ample line bundle H on X. Let 


p : Z = X XyY 


X 
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be the projection to the hrst factor of the hber product. Define the line bundle 


Hz := P*H 


Since p is a finite map, and H is ample, it follows that Hz is ample. 

By tensoring S with a line bundle, we may assume that Z = P(C>y © £), because on 
one hand ti*S = £i © £2 — £1 © (Oy® (£2 © ^^e other hand, £1 = tt*N for 

some line bundle N on Y, so 7r*{£ © N~^) = Oy © (£2 © £]"^)- The inclusion of Oy in 
Oy® (£2 © £r^) dehnes an irreducible effective divisor on ©; we denote this divisor by 
Co- 


We have a commutative diagram 

Z 

Po 

Y 


X 

Pi 

Y 


For 1 < j < g, define 

Pj ■= Pi\yj), Px, := Po^{xj), P,. := Po^(^j), 

so p~^{Pj) = PxjY[Pzj- The restrictions p\p^. and p\P:,. identify Pj with P^. and Pz^ 
respectively. Therefore, we obtain a canonical isomorphism 


r, : ^ Pz^ . (2.1) 

We note that Tj is induced by the canonical identification of {'P*£)xj with {'K*£)zy 

The Hirzebruch surface Z has been studied extensively (see |Ha21 Chapter V] for gen¬ 
eralities on Hirzebruch surfaces). We start with some geometric properties of X. 


Lemma 2.1. 


(1) The variety X is semi-normal; the disjoint union Uf=i Pj non-normal locus. 

(2) The variety X is Gorenstein. 

(3) The dualizing sheaf ux of X is a locally free sheaf of rank one. 


Proof. (1): As the singularities of Y are ordinary nodes, H is a semi-normal variety. 
Locally, X is a product of a semi-normal variety with a normal (in fact non-singular) 
variety and hence X is a semi-normal variety [GTl Proof of Corollary 5.9]. 

Since p~^{Y — is non-singular, the last assertion in (1) follows. 

(2) : The fibers of pi are non-singular and hence Gorenstein. The morphism pi is flat, 
the base Y is Gorenstein, and the fibers of pi are also Gorenstein. Therefore, it follows 
that X is Gorenstein [Hall Proposition 9.6]. 

(3) : Since X is Gorenstein (by part (2)), the dualizing sheaf ux is a locally free sheaf 

of rank 1 [Hall p. 295-296, Theorem 9.1]. □ 


The following lemma, which sums up facts about X, is an easy but a useful one. 

Lemma 2.2. 

(1) The Picard group Pic(X) = p];Pic(y) ©ZC>pj(l). 
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(2) Invariants of X: 

Arithmetic genus Pa{X) := — 1 = —g, 

geometric genus Pg{X) := Ox) = 0 , and 

irregularity q{X) := H^{X, Ox) = g- 

(3) ojx) = 0, h^{X^ ojx) = g and h‘^{X, ojx) = 1- 

Proof. Since pi : X —)■ y is a P^-bundle, the first statement follows. 

Since = Oy, we have h*(X, Ox) = h*(y, Oy) V hence xi^x) = x{^y)- 

Therefore (2) follows. 

Statement (3) follows from (2) and Serre duality. □ 

Remark 2.3. For any y G Y, the fiber Pi^{y) is isomorphic to P^. However, if ?/ is a 
non-singular point, then the fiber is a Cartier divisor, otherwise it is not a Cartier divisor. 
For y non-singular, the Cartier divisor 

Fy ■= Pf\y) 

corresponds to the line bundle plOy{y). For a node y = pj, the fiber Fy. is locally defined 
by two equations. The ideal sheaf I{Fy.) of Fy. in Ox is isomorphic to pll{yj), where 
I{yj) denotes the ideal sheaf of yj in Oy. 

Proposition 2.4. The dualizing sheaf ux is isomorphic to pXiojy ® det£^) 0 2). 

Proof. Since Y and Y are Gorenstein curves, and vr is a finite map, we conclude that 
ojy = 7i*uy ^Cy/y. As the conductor sheaf Cy^y is isomorphic to Oy{—J2j{^j + ^j))^ 
we have 

Uy 0 Oy -(- Zj)) = 7l*Uy . 

j 

Similarly, since X and Z are both Gorenstein varieties (see Lemma l2.ll) . and p is a 
finite map between them, one has 

OJz — P*0Jx 0 Cz/X , 

where Cz/x is the conductor sheaf. We have Cz/x — vW'Yiy- Therefore, it follows that 
Cztx = Hence 

P*UJX = IVz® Ozi^^iPxj + Pzj)) ■ 

j 

It is known that coz — Poi^vy ® (det7r*£^)) 0 Opu(—2) [Ha21 Chapter V, Lemma 2.10]. 
Hence 

p*ux = Po{(Vy 0 (det Tr*£) 0 Oy{Yjji^j + ^j))) ® ^Poi~‘^) 

= pel'll*ooy ® {det TT*8)) ® Opq{—2) 

= pQ{7r*{ujy ® {det 8))) ® p*Op^{—2) 

— p*{pl{ujy ® {det 8))) ® p*Opj^{-2) 

= p*{pl{ojy ® {det8)) ® Opj^{-2)). 


Thus 


P*U}X = p*{pl{uy 0 (det£^)) 0 Op^{-2)). 
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This, combined with the facts that 

Pic(X) = plFic{Y) ® ZOp.il), Pic(Z) ^ p*Pic(F)©ZC>p„(l) 
(see LemmaIP andp*(Pp^(l) = Op^il), implies that 

® (det£^) ® iV) ® C>pj(-2), 

for some line bundle N on Y whose pull-back to Y is trivial. 

Taking direct image on P, we have 

R\pi)^ojx = {ojy ® {dots) ® N) ® R\pi)^Op^{-2). 


Since C>(-2)) = 0 Vz ^ 1, and H^{F^,0{-2)) = 1, one has 

R\pi).Op,{-2) = 0 Vz ^ 1 

and 2) is a line bundle. Tensoring the Euler sequence 

0 —)■ {det pI£) (g) Op^{—l) —)■ p\8 —Opi(l) —)■ 0 

with Op^{—l) and taking direct image by pi, one gets R^{pi)^Op^{—2) = det£^*. Hence 
we have 

{pi)*(^x = 0 , R^{pi)^u:x = 0 

and the only non-vanishing direct image is R^{pi)^u:x — (Uy ®iV. Consequently, we have 

F(X, u:x) = h\Y, R^puOJx) = h\Y, ojy ® N). 

Now Lemma [22](3) implies that h°(F ojy ® N) = g. By Serre duality, h^{Y, N*) = g. 
So by Riemann-Roch, we have h^{Y, N*) = 1. Since d{N*) = 0, from h^{Y, N*) = 1 it 
follows that N*, and hence N, is the trivial line bundle. This completes the proof of the 
proposition. □ 


3. Irreducibility of the moduli space M(r, ci,c2). 

Our goal in this section is to prove that the moduli scheme Mx,iy(r, ci, C 2 ) of iP-stable 
vector bundles on X of rank r and with hxed Chern classes Ci, C 2 is irreducible if H 
satisfies suitable conditions. We closely follow the proof in |Wa] where the irreducibility 
of Mx,H{r, Cl, C 2 ) is proved under the assumption that W is a smooth Hirzebruch surface. 
Hence we mainly explain the line of proof and the modifications needed to cover the 
singular case. Some details are omitted citing appropriate references to |Wa] . 

Definition 3.1. A coherent sheaf E on X is called prioritary (with respect to pi) if it 
is torsionfree and Ext^(E, E(—Fy)) = 0, where Fy denotes the Cartier divisor defined in 
Remark 12.31 

In the stack of coherent sheaves on X, the prioritary sheaves on X are parametrized 
by an open substack (by semicontinuity theorem). Let 

Priorx{r,CyC 2 ) C Cohx{r, € 1 , 02 ) 
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denote the stack of priority sheaves on X of rank r and with hxed Chern classes ci, C 2 . 
Let 

H-SS^®''*(r, ci,C 2 ) C Priorx{r, Cl, C 2 ) 

denote the substack of iL-semistable prioritary vector bundles on X of rank r and Chern 
classes Ci, C 2 . 

For convenience (by abuse of notation), we denote ci{ux ® Ox{Fy)) by ux + Fy and 
Ci{H) by H again. Then the intersection (or cup product), of Ci{ux ® Ox{Fy)) with 
ci(iL), evaluated on the fundamental cycle (or cap product with fundamental class) [X] 
will be denoted by H ■ {ujx + Fy). With these notations, we have the following lemma. 

Lemma 3.2. If H ■ {ux + Fy)) < 0 for a general fiber Fy (Remark \2.S\) . then any 
H-semistable sheaf E is prioritary. 


Proof. Suppose that Ext'^{E, E{—Fy)) 7 ^ 0 for some non-singular point y & Y. Then 
by Serre duality, there exists a non-zero element (f G Hom(F^, E{ux + Fy)). Let Im{(f)) 
denote the image of the homomorphism 0. By the iL-semistability of E and E{ux + Ey), 
we get 

Rh{E) < fiH{Im{(j))) < p,h{E{ux + Ey)) = p,h{E) + H ■ [ojx + Fy). (3.1) 

Since H ■ {ux + Fy) < 0, this gives a contradiction. Thus E is prioritary. 

We note that the last equality in fl3.ip may not hold for a singular point y, hence the 
proof fails if Ey is not a general hber. □ 

Lemma 3.3. The stack }l-SSff^^{r,ci,C 2 ) is smooth. 

Proof. It suffices to show that Ext'^{E, E) = 0 for an iL-semistable vector bundle E. Let 
y he a. non-singular point of Y. One has a short exact sequence 

0 —> E{—Ey) — y E — y E\py — y 0. 

Applying Hom(i?, —) to this exact sequence yields 

^ Ext\E,E{-Ey)) Ext\E,E) Ext^E^ElpJ . 

We have 

Ext\E, E\f^) ^ H\Ey, E*®E\fJ = 0 

as Ey = P^, and hence Ext^(i?, E\Fy) = 0. Since E is prioritary, Ext^(i?, E[—Ey)) = 0. 
It follows that Ext^(E, E) = h. □ 

Lemma 3.4. Let a be a section of pi : X —y Y. Let E be a coherent sheaf on X such 
that (pi)*(E(—a)) = 0 = i?^(pi)*E. Then there is an exact sequence 

0 —t pUpuE) — y E —^ pl{R^pu{E{-a)) Llx/ric^) —t 0. 


Proof. This is essentially |Wal Lemma 8]. The proof goes through in the singular case as 
iel Remark 3] implies that the Beilinson resolution exists over any base Y. □ 


Proposition 3.5. The stack Priorx{r, ci, C 2 ) of prioritary sheaves is irreducible. 
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Proof. We briefly sketch a proof fsee |Wal Proposition 2] for details). Fix a section a C X. 
Let d = —Ci-Fy. We may assume that 0 < d < r (by twisting with a power of (9 x(<t)). 
If (i > 0, we may restrict ourselves to the dense open substack Prior^ C Priorx{r, ci, C 2 ) 
parametrizing all E such that EIf^ = © {OFy{—l)y (since the complement forms 

a closed substack of codimension at least one). If d = 0, we may restrict ourselves 
to the dense open substack Prior^ C Priorx{r, 01 , 02 ) parametrizing all E such that 
E\Fy = for all but finitely many y ^ Y and Elp^ = Opyi^) © ® {^Fy{—^)) at 

these hnitely many points. 

In either case, one sees that K = puE is a vector bundle on Y of rank r — d and 
degree k = x{E) + {r — d){g — 1). Also L = R^pu{E{—a)) is a sheaf of rank d, degree 
i = —x{E) + (ci.a) — (r — d){g — 1). Moreover, L is locally free for for d > 0 and a 
skyscraper sheaf for d = 0. 

By Lemma 13.41 there exists a short exact sequence 

0 —)■ p\K —)■ E —)■ pIL ® Hx/yicr) —)■ 0. 

By [DLi p. 200], if E has a filtration 

E : 0 = Fo G Fi G ■■■ C Ft = E, gri{E) := {Ei/Ei_i), 

one dehnes groups Ext!,_(i?, E) and Ext(_(E, E) such that there is an exact sequence 

• • • —^ Ext*_(E, E) —^ Ext*(E, E) —^ Ext^iE, E) —^ . 

Then there is a spectral sequence for which 

= JJ ExY’+\gri{E), gri_p{E)) if p < 0 ; Ef'' = 0 for p > 0 , 

i 

and which converges to Ext^(E, E). 

In our case, for : 0 C 7i*K C E, we have 

ExtV(E, E) = H%pI{K* ®L)^Qx/y{(t)) = H\K* ^ L ^ puOp,{-l)) = OVA 

Hence Ext*_(E, E) = Ext*(E, E) for all i, so that inhnitesimal deformations of E are 
same as those of 0 C 'k*K C E. 

By |DL( Remark on p. 201], there is a spectral sequence with 

El’^ = JJ ExiP+^gri^E), gri_p{E)) if p > 0 ; = 0 for p < 0 , 

i 

and which converges to Ext*_(E, E). 

Since 

Ext^(p];L © nx/y(<T), ptA') = 0, 
straightforward computations show that 

Ext^(E, E) = Exti(E, E) 

surjects onto Ext^(iF, K) © Ext^(L, L). Hence a general inhnitesimal deformation of E 
induces a general inhnitesimal deformation of K and L, and the morphism 

<p : Prior^ —> Cohyir — d,k) x Cohy{d,i) , [E] 1 —> {[X], [L]) 
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is dominant. Since the stack of vector bundles of fixed rank and degree on a nodal curve 
is irreducible, |Re] . and every coherent sheaf is in the limit of vector bundles, the stack 
of coherent sheaves of hxed rank and degree on a nodal curve is irreducible. Hence the 
image of 0 is irreducible. The hbers of 0 are stack quotients of an affine subscheme of 
the affine space Ext^(p^L 0 Hx/y(cr), p^K), hence they are irreducible. It follows that 
Friorx(r’, Cl, C 2 ) is irreducible. □ 

Lemma 13.31 and Proposition 13.51 together give the following: 

Corollary 3.6. The substack H-SS^'^*(r, ci, C 2 ) is a smooth irreducible open substack of 
the stack Priorx{r, ci, C 2 ). 

Theorem 3.7. The moduli space € 1 , 02 ) of H-semistable vector bundles on X is 

a normal irreducible variety. Its open subscheme corresponding to stable vector bundles is 
a smooth variety. 

Proof. This can be proved on similar lines as the corresponding part of the proof of 
|Wat p. 208, Theorem 1]. The smooth irreducible stack (see Corollary 13.6p is a 

quotient stack [(5®^/GL(iV)], where is an open subscheme of a quot scheme. Hence 
is a smooth irreducible scheme. The moduli space Mx^HiT) Ci, C 2 ) is the GIT quotient 
Q®^/PGL(A^) for Simpson’s polarization on (see [Si]). Hence Mx,iy(r, ci, C 2 ) is a 
normal irreducible variety and its open subscheme corresponding to stable points, i.e., 
the open subscheme corresponding to stable vector bundles, is a smooth variety. □ 

Lemma 3.8. There exists an ample line bundle H on X such that 

H ■ OJx p Fy < 0 . 


Proof. This follows essentially imitating the proof of the hrst part of [Wal Lemma 10]. Let 
the notations be as in Lemma [3.21 By Lemma [2.21 we may take H = bPy + a, b » 0, 
where a is the class of (Ppj(l). One has 

Fy ■ Fy = 0 , Fy ■ a = 1 and a ■ a = Opg{l) ■ C>po(l) = — e 

by |Ha21 Ghapter V, Proposition 2.9]. Using Proposition 12.41 it follows that the class of 
ujx + Fy is {2g — 1 — e)Fy — 2a. Hence 

H-{ux + Fy) = {bPy + a){{2g -1 - e)Fy-2a 
= —2b + 2g — 1 — e + 2e 
= —2b + 2g — 1 — e. 

It follows that H ■ {ux + Fy) < 0 for 6 >> 0, i.e., (ci(iL) U ci{ux + C>x{Fy))) O [X] < 0 
for b » 0 . □ 


4. Rationality of Mx{r, 01 , 02 ) 


For a coherent sheaf W on projective variety Xi equipped with a very ample line bundle 
TL, dehne W{m) := W Let PM{W,m) denote the Hilbert polynomial of W with 


















respect to H [HLj . Then 
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dim supp.{W) ^ 

PM{W,m) = ai{W)—, a*(tT) integers. 

^^ i\ 

i=0 

The rank of W is r{W) = a^^oM) ’ ^ ^ dimA^, and the degree of W is d{W) = 
a,_i(fT)-r(hT)a,_i((9^). 

By the projection formula, 

ip.E){m) := = p,{E®p*H®^) = p,{E ® = p,{E{m)). 

Hence H\X, {p^,E){m)) = H\X,p^,{E{m ))), Vh Since p is a finite map, 

H\X,p,{E{m))) = H\Z,E{m)). 

It follows that 

Px{p*E,m) = Pz{E,Tn). (4.1) 


One has a short exact sequence 


O 


X 


P*02 


©Oi 

i=i 


(4.2) 


Tensoring 04.21) with if®™' and using 04.11) . we see that the Hilbert polynomials satisfy 
the equation 

Px{Ox,m) = Pz{Oz,m) + y2x{Oyrn)). 

j 

Since d{H\p^) = i, we have + 1. Hence comparing the coefficients of 

powers of m it follows that 


— o,2{Oz), ai{Ox) — ai{Oz) + ig, ao{Ox) — ao(C^z)+5'- (4.3) 


4.1. Generalized parabolic bundles. Here we give a definition of a generalized para¬ 
bolic bundle (GPB for short) suitable in our special case. For a more general definition 
of a GPB and generalities on them the reader may refer to [Bhll Section 2]. 

Let F be a vector bundle on X and E := p*E its pullback to Z. Since F|p^, = 
p*{E\p.) = E\p^,, we get a canonical isomorphism 

^ 3 


aj : E 





E 


Pz 


j 


lying over the isomorphism Tj in fl2.1l) . Let a := (ui, • • • , (Jg). Thus a vector bundle E on 
X determines a pair (F , a) as above. We call such a pair a generalized parabolic bundle. 

Gonversely, given a GPB (F, a) on Z, we get a vector bundle F on X in the following 
way. Let Ej{E) C E\p^, © F|p^^, denote the graph of aj. The surjective morphism 
F — y ^\Pz:j ® produces a surjection of (Px^modules 
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Let F be the kernel of the latter surjection, so F hts in the exact sequence 

0 F p.E ^ 0P.((J5|p., ©i5|ft,)/il(-E)) ^ 0. 

j 

One sees that p*F = E, and hence E and F have the same rank and same Chern classes. 
The above construction gives a bijective correspondence between GPBs of rank r and 
Chern classes Ci, C 2 on Z and vector bundles of rank r and Chern classes Ci, C 2 on X. 

Lemma 4.1. Let {E,h) be a GPB on Z determining a vector bundle F on X. Let 
El C E be a torsion free sub sheaf such that E/Ei is torsionfree. Then Ei determines a 
subsheaf Fi C F such that p{Fi) < p{Ei). 


Proof. Since the quotient E/Ei is torsion free, it follows that 

Ei\p ® Ei\p <Z E\p (B E\p . 

' 3 ' 3 ' 3 ' 3 


Let 


■- Fj{E)n{Ei\p^,® Ei\p^,), QjiEi) {Ei\p^, ® Ei\p^,)/Fj{Ei) 
Dehne the sheaf Fi on X by the following short exact sequence 


0 —)■ El —)■ p^Ei —)■ <Bjp^Qj{Ei) —)■ 0. (4.4) 

Since h is an isomorphism, the projection prj : Fj{E) —> E\px. is an isomorphism. 
Therefore, 

PC IC (El) —^ 

is an injection. Hence r{Fj{Ei)) < r{Ei\p^,). Similarly, we have r{Fj{Ei)) < r{Ei\p^,). 
Hence tensoring (14.41) by H®'^, we have 

0 —)■ Fi{m) —)■ {p^Ei){m) —)■ <Bjp^Qj{Ei){m) —)■ 0. (4.5) 

Therefore, Px{Fi,m) = Px{p*Ei,m) - Y,j Ppj{p*{Qj{Ei),m)). By (gT]), 

Px{p*Ei,m) = Pz{Ei,m)) and Pp.{p^Qj{Ei),m) = X(Pj){p*Qj{Ei),m). 

Hence comparing coefficients of m in (I4.5p . we conclude that 

Oi(-^i) = o-iiEi) + bi, 


where 

bi = '^r{p^{Qj{Ei){m)))i = '^r{p^{Qj{Ei)))i 
j j 

= + r(i5,|p..) - r(Fj(Bi))). 

3 

Since r{Fj{Ei)) < r{Ei\p^,).i we have 

h > 5;^<(r(B,|p.,)). 

3 

Similarly, bi > ^i'^{Ei\p^.), and hence 

bi > eY^ max {r(Ei|p^,), {r{Ei\p^,)} . 
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d{E,) = ai{Ei)-r{E)ai{Ox) 

> ai{Ei) + i^. max {r{Ei\p^.), {r{Ei\p^^)} - r{Ei)ai{Ox) 

= ai(F0+£E, max{r(Ei|p,^), (r(Ei|p,^)}-r(Fi)ai(Oz)-^17r(Fi) 

= d{Ei)+iJ2j{ max {r{Ei\p^,) , {r{Ei\p^,)} - r{Ei)) 

> d{E,). 


Since r(Fi) = r{Ei), the result follows. 


□ 


Proposition 4.2. If E is an Hz-semistable (respectively, Hz-stable) vector bundle on 
Z with {E ,h) giving a vector bundle E on X, then E is H-semistable (respectively, H- 


stable). 


Proof. Let E[ C F be a torsion free subsheaf. Then we have (p*F^YTorsion) C E. Let 
El be the saturation of (p*FYTorsion) in E. Then E/Ei is torsionfree and Ei gives a 
torsionfree subsheaf Ei <Z E such that E[ C Ei. Since the quotient Ei/E[ is a torsion 
sheaf, we have p-iEf) < p{Ei). By Lemma ICT p{Ei) < p{Ei) so that p{E[) < p{Ei). If 
E is semistable (respectively, stable), then p{Ei) < p{E) (respectively, p{Ei) < p{E)) 
so that 


p{F[) < p{Ei) < p{E) = p{E) (respectively, p{E[) < p{Ei) < p{E) = p{E)) 


proving the proposition. 


□ 


Theorem 4.3. Let p-(r, ci, C 2 ) be the moduli space of H-stable (slope stable) vector 
bundles of rank r and Chern classes Ci, C2 on X . Let A(r, Ci, C2) = ^{c 2 — 
denote the general fiber of Z. //A(r, Ci,C 2 ) >> 0, then ^{r, 01 , 02 ) is a non-empty, 
smooth, irreducible, rational, guasiprojective variety in the following cases (ci,C 2 below 
denote the classes on Z which are pull-backs of the classes Ci, C 2 on X): 

(1) Ci-Ez = 1 or r — 1 (mod r). 

(2) ci.Ez = r — 2 (mod r) and C 2 — cl/2 — ci.bJzl2 — (r — 1 ) = 0 (mod 2 ). 

(3) Ci-Ez = 2 (mod r) and C 2 + Ci.Cq — cl/2 + ci.uJz/2. + 1 = 0 (mod 2 ). 

Proof. In |CMj . Costa and Miro-Roig construct explicitly generic H- stable vector bundles 
E of rank r and Chern classes ci,C 2 on Z in the above cases. It is easy to see that in 
each of these cases, the restrictions of E to all fibers are isomorphic. Using the bijective 
correspondence between GPBs on Z and vector bundles on X, together with Proposition 
14.21 we can construct (generic) iL-stable vector bundles on X of rank r and Chern classes 
Ci,C 2 . Thus ^{r,Ci,C 2 ) is non-empty in all the cases. By Theorem 13.71 this moduli 
space is irreducible and smooth. 

We now turn to the question of rationality of Mx ^{r, ci, C 2 ). We shall in fact show that 
whenever Ci, C 2 ) is rational, the variety Mx j^{r, Ci, C 2 ) is also rational. Since the 

rationality of ^^{r, Ci, C 2 ) is known in the cases listed in the statement of the theorem 

|CMj . this will prove the theorem. 
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The moduli space ci, C 2 ) is a geometric invariant theoretic (GIT) quotient of a 

suitable quot scheme by PGL(iV). Let Q® and Ci, C 2 ) denote the subschemes 

corresponding to stable vector bundles, then Tf| ci, C 2 ) = Q'^/PGL(A^). Let 

Uq ^ Q^xZ 

be the universal quotient vector bundle. 

For simplicity of exposition, let us take g = 1 and write xi = x, zi = z. We have 
vector bundles I^qIq^xp^ and {id x t)*{Uq\qs^pJ on x P^. Gonsider the sheaf 

Hq = Hom{UQ\Qsy^p^, {id X t)*{V{q\qszpJ) . 

Since scalars (the isotropy) acts trivially on the sheaf Hq, it descends to a sheaf 'Hm,x on 
^I,Hz(gci,C 2 ) X P^. Let 

Hx Rp ^ tf'hL X 

denote the direct image of 'Hm,x on p^{r, 01 , 02 ). There is a Zariski open subset 
M' C M| j|^^(r, Cl, C 2 ) such that IM'is locally free (by semi-continuity theorem). Hence 
there is a Zariski open subset M” C M' such that 

^ M” X C”. 

Therefore, if M| ci, C 2 ) is rational, then M" and hence the total space of Hx\m" is 
rational. 

Note that the fiber of Hx\m' over [E] G M' corresponds to the vector space 

Since Hom(ii^|p^, r*(F^|p^)) D Iso(F^|p^, r*(F^|p^)), there is a Zariski open subset H' of 
the total space of Hx\m" which corresponds to generalized parabolic bundles on Z. By 
Proposition 14.21 and Section ITTl this H' is isomorphic to an open subset of Mx,H{'r, C 1 .C 2 ). 
It now follows that Mx,h{'i^, Ci, C 2 ) is rational. 

In the case of 5 ^ > 1, we take the sheaf 

Pm —t M| j:^^(r,Ci,C 2 ) X JJHt, = ]J(M|^^^(r, Ci, C 2 ) x H^,) (4.6) 

3 3 

to be the sheaf whose restriction to M^ jj^{r, 01 , 02 ) x Px. is PM,xj. There is a Zariski 
open subset S C Mzp^{r, 01 , 02 ) such that the restriction of the direct image of Pm to 
S' is a vector bundle. The rest of the argument works as in the one node case. □ 


5. Vector bundles over a real ruled surface 

In this section, we study moduli of vector bundles over a real rational ruled surface. 
Our goal is to prove that the moduli space M{r, 01 , 02 ) for vector bundles over a real 
rational ruled surface is rational as a real variety. 
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5.1. The real rational ruled surface. 

Let a be an anti-holomorphic involution on P^. The pair (Pj., a) defines a smooth 
projective curve C defined over R. Let (xi, Zi), ■ ■ ■ , (xg , Zg) be distinct pairs of points of 
P{^. Let T be a complex nodal curve of genus g(y) = g obtained by identifying points 
Xj with Zj for each j such that the involution a induces an anti-holomorphic involution 
cry on Y. We clarify that cry need not fix pointwise {xjY^^^ and {zjYj^^. Note that 
cry(a;j) G {xj , Zj} if and only if ay^Zi) G {xj , Zj}. Let c/i, • • • ,yg denote the nodes of Y 
with Xj , Zj identified to yj. The pair (Y , cry) defines a projective curve of arithmetic 
genus g, defined over R. We have 

Lr Xr C = T . 

The normalization of Ir is the curve C, let 

vr' : C ^ Tr 

be the normalization map. If C does not have any real points, then all real points of C 
lie in {yjYj^y 

Let £^r be a real algebraic vector bundle of rank two over Ir, and let £ = ®r C 
be its base change to C, which is a complex vector bundle over Y. The vector bundle 
£^r is defined by a pair {£ ,a£). Then cr^ induces an anti-holomorphic involution cr^ on 
X := P(£^). The pair (X , ax) defines the real ruled surface 

:= IP(^^r) —> Lr , 

and one has Xr Xr C = X. Note that the anti-holomorphic involution cr^ lifts the anti- 
holomorphic involution cry of Y. Since cry permutes the nodes of Y, the involution cr^ 
permutes the fibers so ]J^. Pj is ax-invariant, thus ]J^. Pj is a real variety. 

We have Z = P(7r*£^); let az '■= p*crx be the anti-holomorphic involution induced by 
7 r*ag. The pair (Z , az) defines a ruled surface over C, defined over R. Let P ;= P^j- 
Since we can canonically identify Pj with P^^ for each j, we see that az leaves P invariant. 
Let 

(Tp ■= CFz\p : P —t P 

be the restriction. 

The anti-holomorphic involution az on Z produces an anti-holomorphic involution aM 
on fj^{r,Ci,C 2 ) defined by 

auiE) = a*z{E) ■ 

There is a sheaf Hm on ci, C 2 ) x P = C 2 ) x P^^^ (defined by 

fl4.6p in the proof of Theorem I4.3p . For a general vector bundle E G C 1 X 2 ), one 

has E\p^, = t*{E\p^,) for all j, where r,- is defined in fl2.ip . We choose a aM-invariant 
open subset M' C p^{r,CyC 2 ) such that E G M' satisfies the above condition and 
'Hm\m'xp is locally free. 

Lemma 5.1. The vector bundle TLmIm'xp is a real vector bundle. 
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Proof. We shall construct an anti-holomorphic involution an on PLmIm'xp lifting ctm x ap. 
For {E,Vj) G M' x we have 

(ctm X ap){E,Vj) = {a*zE,ap{vj)) e M' x ap{P^f) 

and = E\p^.. Write 

E, = E\p^^, E2 = r*(E^). 

One has PLmIexp^. = Hom{Ei, E 2 ) and 

'HM\aMExap{p,.) = Hom{E\p^,,T*{E\p^^)) = Ffom(Ei, ^2). 

Any linear homomorphism / : Ei —)■ E 2 induces a linear homomorphism 

7 : ^ 

such that (/) = /. Hence there is a natural anti-holomorphic involution ap on PLm\m'xp 
which lifts ajp x ap and 

ap : Hom{Ei, E 2 ) —> Hom{Ei, E 2 ) 

is dehned by / 1 — > f. Since (/) = /, it follows that ap"^ = Id. Hence PLmIm'xp is a 
real vector bundle. □ 

Theorem 5.2. The variety Mx,p{r, 01 , 02 ) is rational as a real variety if Mz^p^ir, 01 , 02 ) 
is rational as a real variety. 


Proof. Since "HmIm'xp is a real vector bundle (see Lemma ITTD . so is its direct image on 
M'. Let 

V = • 

The involution ap induces an anti-holomorphic involution ay on V. By replacing M' by 
a (TM-invariant open subset if necessary, we see that there is a Zariski open subset U of 
the total space of V such that for E G M' the hber Up = 0^ lso(i?i, E 2 ) and U —)■ M' 
is a locally trivial hber bundle with hbers isomorphic to an (hxed) affine space. The 
involution ay keeps U invariant. Thus f/ is a real variety. 

Since M' is rational as a real variety by our assumption, the above subset U is also 
rational as a real variety. The real variety Mx,p{r, Oi, 02) has an open subset isomorphic 
to U. It follows that Mx,h{t, 01 , 02 ) is rational as a real variety. □ 


Theorem 5.3. Let a be an anti-holomorphic involution on Pj. defined by 

a(x : y) = {y, -x). 

The pair (Pj., a) defines a non-degenerate anisotropic conic C over M. 

Let Cl = Cq + dEz,Ez being the general fiber of Z. Let C 2 ,a,X and m be integers 
satisfying 

C 2 = A(r — l)-t-a, 0<Q!<r — = — C 2 — 1 — A. 


Assume that 


A(r, ci,C 2 ) 


-(c 

r 


r — 1 




» 0. 


2 r 
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Then Mx,h{t, ci, C 2 ) is rational as a real variety if and only if one of the following condi¬ 
tions holds: 

(1) Both the integers m and r — 1 — a are even. 

(2) The integer m is odd and a is even. 

Proof. The theorem follows from Theorem 15.21 and the main theorem of |BS] . □ 
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